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O paBHOCxeneHHoii nenpepBiBHOCTH o6o6iu,eHHBix KBasHMSOMexpHii na pHMa- 
HOBbix MHoroo6pa3Hax 

On equicontinuity of generalized quasiisometries on Riemannian manifolds 

HacTonipan paGoxa nocBnipeHa Haynenmo oxoGpaxceHHH c KonenHBiM HCKaxcenneM na pn- 
ManoBBix MHoroo6pa3H5ix. ^oKasanw xeopeMw o jioKajiBHOM noBe^ennH o6o6iri;eHHBix KBaan- 
naoMexpHii c HeorpaHnnenHoil xapaKxepncxHKofl. B nacxHocxn, naMH ^oKaaano, nxo ceMen- 
cxBo oxo6pa>KeHHH / ; H —)■ M” Mexc^y pHManoBBiMH MHorooGpaannMH M" h M” HBjinexca 
paBHocxeneHHo HenpepwBHBiM, xax xojibko aHaneHnn oxohpajKennn / jiexcax b mape 
f He npHHHMaex anaHeHHH na cJiHKCHpoBaHHoro KOHXHHyyMa K C R/j, a xapaKxepncxHKa 
KBaaHKOH(|)opMHocxH Q{x) HMeex KOHeHHoe cpe^Hee KOJieGaHHe b Kaxc^ofi xonxe. 

The present paper is devoted to the study of mappings with finite distortion on Riemannian 
manifolds. Theorems on local behavior of generalized quasiisometries with unbounded cha¬ 
racteristic of quasiconformality are obtained. In particular, we have proved that a family 
of mappings / : R —)■ between Riemannian manifolds M** and M” is equicontinuous 

whenever / lies in a ball f does not take values from a fixed continuum K C Rr, and 
a quasiconformality coefficient Q{x) has a finite mean oscillation at every point. 


1 BBe^GHHe 


B He^aBHo BBime^mefi paboxe jl] 6biji nojiynen HeKoxopniH peayjiBxax o paBHocxeneHHoii 
HenpepBiBHocxH o^hoxo Kjiacca oxobpaxceHHfi Mexc^y pHMaHOBBiMH MHoroobpaaHXMH. Penn 
H^ex o jioKajiBHOM HOBe^eHHH xaK HaawBaeMBix KOJinpeBBix Q-oxobpaxceHHii (oxobpaxce- 
HHH C HeOrpaHHHeHHOH XapaKXepHCXHKOH KBaaHKOHcJiOpMHOCXH Q, HCKaXCaroigHX KOHcJiOpM- 

HBiH Mo^yjiB ceMeficxB KpHBBix B Q{x) paa, r^e Q - nanepe^ aa^aHHax nojioxcHxexBHax 
4)yHKH,H5i). OcHOBHax gejiB HacxoHipeH aaMexKH - noxaaaxB cnpaBe^jiHBocxB anaxorHUHoro 
yxBepxygeHHH He xoxbko ^xh «KOH4)opMHoro» Mo^yxH M, ho h Kor^a HCKaxcenne ceMeficxB 
KpHBBix npoHcxo^Hx oxHocHxexBHo Mo^yxH HopH^Ka p E [n — 1, n], r^e n - paaMepnocxB 
pHMaHOBa MHoroobpaaHH a p - cjDHKCHpoBaHHoe hhcxo h 3 yKaaannoro oxpeaxa. Cxohx 
aaMexHXB, hxo corxacHo TepHHxy b npocxpancxBe xanne oxobpaxceHHH KBaannaoMexpHn- 
HBi npH orpaHHHeHHBix Q, p;pyrHMH cxoBaMH, npn neKoxopoH hocxohhhoh C* > 0 h Bcex 
Xq E D cnpaBep;xHBa openna 


lim sup 

X^Xq 


\f{.x) - f{XQ)\ 
\x — Xq\ 




CM., Hanp., [21 xeopeMa 2]. IlpH p = n cbohcxbo KBaaHHaoMexpHHHocxH yKaaaHHBix oxo6- 
paxceHHH, K coxcaxeHHK), yxpaxHBaexcx, KaK noKaaniBaex npocxoH npHMep oxobpaxceHHx c 
orpaHHHCHHBiM HCKaxccHHeM f{x) = X G M" \ {0}, 0 < a < 1, /(O) := 0. 
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riepefi^eM k onpe^ejieHHHM h cJiopMyjiHpoBKaM ochobhbix peayjiBTaxoB. Cjie^yiomHe no- 
HHTHH Moryx 6 bixb HaH^eHBi, Hanp., b [3] h |1]. HanoMHHM, hxo n-MepnuM monoAosunecKUM 
MHo^oo6pa3ueM M"" nasBiBaexca xaycflop(|)OBo xonojioxHHecKoe npocxpancxBo co cnexHofi Ga¬ 
soil, KaJK^aa xoHKa Koxoporo HMeex OKpecxnocxB, roMeoMopcJ^Hyio neKoxopoMy oxKpBixoMy 
MHOJKecxBy B R”'. Kapmou na MHorooGpasHH Gy^eM nasBiBaxB napy {U, p), r^e U — ox- 
KpBixoe MHOJKecxBo npocxpancxBa M”' vl p — cooxBexcxByiomHH roMeoMop(|)H 3 M MHOJKecxBa 
U Ha oxKpBixoe MHOHcecxBo B R"'. Ecjih p ^ U vl (p{p) = G R”, xo cooxBex- 

cxByromne HHCJia x^,... ,x^ nasBiBaioxcH AOKaAbHUMu KoopdunamaMu mouKU p. FAadKUM 
MHoaoo6pa3ueM nasBiBaexcH caMo MHOJKecxBo M” BMecxe c cooxBexcxByioni;HM naGopoM xapx 
{Ua, Tax, Hxo oGx.eflHHeHHe Bcex Ua no napaMexpy a ^aex Bce h, xpoMe xoro, oxoG- 
pajKeHHe, ocymecxBjiaion^ee nepexo^ ox o^Hoil cHcxeMw jioxajiBHBix Koop^nnax k ^pyroil, 
npHHa^jiejKHx Kjiaccy C°°. 

HanoMHHM, HXO puManoeou MempuKoil na rjia^KOM MHorooGpasHH M” nasBiBaexcH nojio- 
jKHxejiBHo onpe^ejieHHoe rjia^Koe cHMMexpHHHoe xensopnoe nojie xnna (0,2). B HacxHocxn, 
KOMHOHeHXBI pHMaHOBOH MCXpHKH g^i B paSJIHHHBIX JIOKajIBHBIX KOOp^^HHaxaX [U, x) H (E, y) 
BSaHMOCBHSaHBI HOCpe^CXBOM XeHSOpHOXO SaKOHa 



PuManoeuM MHosoodpasucM Gy^eM HaswBaxB rjia^Koe MHorooGpasne BMecxe c pHManoBOH 
MexpHKoil Ha hcm. /I,jiHHy rjia^Koil KpHBoil 7 = 7 (t), t G [^1,^2], coe^HHiHon^eH xohkh 
7(^1) = Ml G M"", 7(^2) = M2 G M” H n-MepHBiH oGhcm {jnepy o6seMa v) MHOJxecxBa 
A Ha pHMaHOBOM MHorooGpasHH onpe7;ejiHM corjiacHo cooxHomeHHHM 



( 1 ) 


BBH7,y HOJiojKHxejiBHoil onpe7;ejieHHocxH xensopa g = gij{x) HMeeM: det^f^- > 0. reode3UHe- 
CKUM paccmoAHueM MejK7;y xoHKaMH pi h p2 ^ M"" Gy7;eM HasBiBaxB HaHMeHBmyio 7;jiHHy 
Bcex KycoHHo-rjia7;KHx kphbbix b M”, coe7;HHHion];Hx xohkh pi h p2- reo7;e3HHecKoe pac- 
cxoHHHe Me>K7;y xoHKaMH pi h p2 Gy7,eM oGosnanaxH chmbojiom d{pi,p2) (Bcio7;y 7,ajiee d 
oGosHanaex reo7,e3HHecKoe paccxoHHHe, ecjiH ne oroBopeno npoxHBHoe). Tax KaK pHManoBo 
MHorooGpasHe, BooGme roBopn, ne npe7;nojiaraexcH cbhshbim, paccxoHHHe Me>K7;y jhoGbimh 
xoHKaMH MHorooGpasHH, BooGme roBopn, mojkox Gbixb ne onpe7;ejieHo. Xopomo msbocxho, 
HXO jHoGaH xoHKa p pHMaHOBa MHorooGpasHH M"" HMeex oKpecxHocxB U 3 p (nasBiBaeMyio 
7;ajiee HopMaAhHou oKpecmHocmbw mouKU p) h cooxBexcxByiomee Koop7;HHaxHoe oxoGpa- 
jKeHHe (p: U — )■ R", xaK, hxo reo7,e3HHecKHe ccJiepBi c penxpoM b xohko p h pa7;Hyca r, 
jiejKamne b oKpecxHocxH U, nepexo7;5ix npn oxoGpaHceHHH ip b eBKjiH7,oBBi ccJiepBi xoro xce 
pa7;Hyca, a nynoK reo7,e3HHecKHX kphbbix, hcxoxh ttt hx h3 xohkh p, nepexo7;HX b nynoK pa7;H- 
ajiBHBix oxpesKOB B R” (cm. [3l jieMMBi 5.9h6.11],cm. xaxHce KOMMenxapHH na exp. 77 37;ecB 
Hce). JloKajiBHBie Koop7;HHaxBi p{p) = (x^,... ,x”) b sxom cjiynae nasBiBaioxcH HopMaAhHU- 
Mu KoopduHamaMu xohkh p. Cxohx oxmcxhxb, hxo b cjiynae cBHSHoro MHorooGpasHH M”' 
oxKpBixBie MHOJKecxBa MexpHHecKoro npocxpancxBa (M”, d) nopoxypaiox xonojiorHio Hcxop,- 
Horo xoHOJiorHHecKoro npocxpancxBa M"" (cm. [3l jieMMa 6.2]). SaMexHM, hxo b HopMajiBHwx 
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Koop^HHaxax Bcer^a TenaopHaji Maxpapa gij{x) b xonxe p — epHHHHHaa (a b cHJiy nenpe- 
pBIBHOCXH g B XOHKaX, 6jIH3KHX K p, 3Xa MaxpHpa CKOJIB yropHO 6jIH3Ka K epHHHHHOfl; CM. |3l 
nyHKX (c) npepjioJKeHHa 5.11]). 

CeMeilcxBo ^ oxo6pa>KeHHH f:X —>■ X' Ha3BiBaexc3 paenocmeneHuo nenpepuenuM e 
moHKe Xq G X, ecjiH pjia jiio6oro £ > 0 nafipexca xaKoe 5 > 0, hxo d' {f (x), f (xq)) < e 
pjia Bcex xaKHx x, hxo d{x,xo) < 5 h pjiH Bcex / G FoBopax, hxo ^ paenocmenen- 
Ho Henpepueno, ecjin 5 paBHOcxenenno nenpepBiBHO b Kaacpofl xonxe Xo G X. CorjiacHO 
opHOH H3 BcpcHH xcopcMBi Appcjia-AcKOJiH (cM., Hanp., jS] nyHKX 20.4]), ecjiH (X, d) — 
cenapaGejiBHoe MexpnnecKoe npocxpancxBo, a (X', d') — KOMnaKxnoe MexpnnecKoe npo- 
cxpancxBO, xo ceMencxBO oxoCpancennii / : X —)■ X' HopMajinno xorpa n xojibko xorpa, 
Korpa ^ paBHocxenenno nenpepniBHo. SpecB n pajiee paBHocxenennan nenpepBiBHocxB ce- 
MCHCXBa oxo6pa>KeHHH {/: M" —>■ M"} nonnMaexcn b cmbicjic reope3HnecKHX paccxoannH d 
H d' na pHManoBBix MnorooGpaBnnx M" n M", cooxBexcxBenno. 

IlycxB (X, d, /i) — npoH3BOJiBHoe MexpnnecKoe npocxpancxBo, napenennoe jioKajiBHo ko- 
nennoH GopejieBCKon Mepon p n 

B{xo, r) = {x E X : d{x, Xq) < r} . 

Cjiepyiomee onpepejienne Moncex 6 bixb nanpeno, nanp., b [ 6 l pa 3 p. 4]. BypeM roBopnxB, nxo 
HHxerpnpyeMan b B{xQ,r) cJiyHKpHn p: H —)• M HMeex KOHennoe cpednee Ko/iedanue b xonKe 
Xo G D, nnmeM p G FMO{xo), ecjin 

limsup / -^ / |(p(x) - Tp^\dp{x) < cx), 

p[B[xq, e)) J 

B[xQ,e) 

B{xo,e) 

Bciopy pajiee (ecjin ne oroBopeno npoxHBnoe) M" n M” - pnManoBBi MHoroo 6 pa 3 HH c reo- 
pe3HnecKHMH paccxoannaMn d n d^,, cooxBexcxBenno. Kpueou 7 mbi naBBiBaeM nenpepBiBnoe 
oxoGpancenne oxpe3Ka [a, 5] (oxKpBixoro nnxepBajia {a,b), jih 6 o nojiyoxKpBixoro nnxepBajia 
BHpa [a,b) HjiH (a, 6 ]) b M"", 7: [a,b] —)■ M”. Hop ceMencxBOM kphbbix F noppa 3 yMeBaex- 
CH neKOXOpBIH 4)HKCHpOBaHHBIH HaGop KpHBBIX 7, a, eCJIH /: M” —)■ M” — npOH3BOJIBHOe 
oxoGpajKenne, xo /(F) = {/07I7GF}. /(jinny npoH 3 BOJiBHOH KpnBon 7: [a,b] M"’, 

jiejKaipeH na MHoroo6pa3HH M"’, mojkho onpepejinxB KaK xonnyio Bepxnioio rpann cyMM 

n—1 

Y2 d{'l{ti)T'l{ti+i)) no BceB03M0>KHBiM paBGneHHHM a ^ ti ^ ^ tn ^ b. CjiepyioipHe 

i=l 

onpepejiennn b cjiynae npocxpancxBa M” Moryx 6bixb nanpenBi, nanp., b |5l pa3p. 1-6, 
rji. I], CM. xaKJKe [T] rji. I]. BopejieBa cJiynKpHn p: M” —)■ [0, 00 ] naBBiBaexcn donycmuMOU 
pjin ceMencxBa F kphbbix 7 b M”, ecjin jinnefinBiH nnxerpaji no naxypajiBHOMy napaMexpy 

s KaJKpoH (jioKajiBHO cnpHMjiHeMon) KpHBOH 7 G F ox (JiyHKpHH p ypoBjiexBopnex ycjiOBHio 

1(1) 

j p{'j{s))ds ^ 1 . B 3XOM cjiynae mbi nnmeM: p G admF. 

0 

3a(|iHKCHpyeM p ^ 1 , xorpa p-ModyACM ceMencxBa kphbbix F naBBiBaexcn BejiHnnna 

Mp(F) = inf [ fF{x)dv{x). 

pGadm P J 
D 
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(Sflecb H ^ajiee v osHanaeT Mepy oG'h'eMa., onpe^ejieHHyio b ([T])). IIpH stom, ecjin adraF = 0, 
TO nojiaraeM: Mp(T) = oo (cm. [5l paa^. 6 na c. 16] jih 6 o [71 c. 176]). CBoilcTBa Mo^yjia b 
HCKOT opoH Mepe anajiorHHHBi cBOHCxBaM Mepti JleGera m b R"". Hmchho, Mo^yjiB nycxoro 
ceMeiicTBa kphbbix paBcn nyjiio, Mp{0) = 0, oGjia^aex cbohctbom mohotohhocxh othoch- 
xejiBHo ceMCHCTB KpHBBix, Fi C F2 Mp(Fi) ^ Mp(F2), a Taxace cbohctbom nojiya^H- 

( OO \ OO 

Ur. =! Mp(Fj) (cm. [5l xeopcMa 6.2, rji. I] b R” jih 6 o [71 xeopcMa 1] 

i=l J i=l 

B cjiynae 6ojiee o6in;Hx npocxpancTB c McpaMn). FoBopax, hto ccmchctbo kphbbix F i muho- 
pupyemcM ceMcflcTBOM F2 , hhihcm Fi > F 2 , ccjih ^jih Ka>K;];oH kphboh 7 G Fi cyipecTByex 
no7,KpHBaH, KOTopaH npHHa7;jie>KHT ceMencxBy F2 . B oxom cjiynae, 

Fi>F 2 Mp(Fi) ^ Mp(F2) (2) 

(cm. |5l xeopcMa 6.4, rji. I] jih6o [3 CBOHCXBO (c)] B cjiyHac Gojiee o6 ttt hx npocxpaHcxB c 
MepaMH). 

Cjie7;yioin;ee onpe7;ejieHHe 7;ji5i cjiynan R"" mohccx 6 bitb HaH7;eHo, nanp., b pa6oxe [8]. 
IlycxB D - o6jiacxB b M", xq E D, Q: H —)• [0, 00] — HSMepHMaa oxhochtcjibho McpBi o6x.eMa 

V (JiyHKpHH, H HHCJIO Xq > 0 XaKOBO, HTO SaMKHyXBIH Hiap B{xo,ro) JieJKHX B HCKOXOpOH 
HOpMajIBHOH OKpeCTHOCXH U TOHKH Xq. FlyCXB XaKJKC 0 < Xi < r2 < Xq, 

A = A{xq, Xi, X2) = {x E M” : xi < d{x, Xq) < X2} , 

Si = S{xo,ri) = {x e M” : d{x,Xo) = Xj}, z = 1,2, 

— reo7;e3HHecKHe ccJiepBi c penxpoM b xohkc Xq h pa7;HycoB xi h X 2 , cootbcxctbchho, a 
F [Si, S 2 , A) o6o3HaHaex ccmchctbo bccx kphbbix, coc 7 ;hh 5 iioiii;hx Si h S 2 BHyxpn o6jiacxH 
A. OxoGpajKCHHc f \ D ^ M" ycjioBHMcn naaBiBaxB KOAhyeeuM {p,Q)-omo6paoiceHueM e 
mOHKe Xq E D, ccjih COOXHOmCHHC 

Mp{f{T{Si, S 2 , A))) ^ J Q{x)-r]P{d{x,xo)) dv{x) 

A 

BBIHOJIHCHO B KOJIBpC A npOH3BOJIBHBIX Xi, X2, yxaaaHHBIX BBimC, H 7;jIH KaJK7;OH H3MCpH- 

r2 

MOH (JiyHKpHH 7: (xi,X2) —>■ [O, CXD] THKOH, HTO J r]{r)dr ^ 1. OxoGpaJKCHHH THHa KOJIBpCBBIX 

ri 

Q-OTo6pa>KCHHH Gbijih npc7;jioHccHBi K HayHCHHK) O. MapxHo H HaynajiHCB hm cobmcctho c 
B. PiiaaHOBBiM, y. Cpc6po h 3. 5lKy6oBBiM, cm. [9]. 

FlyCXB (y, d, /i) — MCXpHHCCKOC npOCXpaHCXBO C MCXpHKOH d, Ha7;CJieHHOC JIOKajIBHO KO- 
HCHHOH 6opcjicBCKOH McpoH fi. Cjic7;ya m pa37;cji 7.22] 6y7,CM roBopHXB, hto GopcjicBa 
(JiyHKpHH p: X —)■ [0, cxo] hbjihcxch eepxHUM spaduenmoM (|iyHKii,HH u: X —)■ R, ccjih 
BCCX CnpHMJIHCMBIX KpHBBIX 7 , C0C7;HHHI0III;HX TOHKH X H y E X, BBIHOJIHHCTCH HCpaBCHCXBO 

\u{x) —u{y)\ ^ J pds, r7,c, khk oGbihho, J pds oGoananacT jihhchhbih HHxcrpaji ox (|iyHKii;HH 

7 7 

p HO KpHBOH 7. By7;cM xaKJKC roBopHTB, HTO B yxaaaHHOM npocxpaHCXBC X bbihojihhcxch 
( l;p)-HcpaBCHcxBo IlyaHKapc, ccjih HaH7;yxcH hocxohhhbic C ^ 1 h r > 0 xax, hto 7 ;jih 
K aJK7;oro mapa B (Z X, npoH3BOJiBHOH orpaHHHCHHOH HcnpcpBiBHOH (|iyHKii,HH m: i? —)■ R h 
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jiK)6oro ee Bepxnero rpa^nenTa p BtinojiHaeTCH cjie^yiomee HepaBencTBo: 

1 f 

—— / \u — UB\dp(x) ^ C ■ (diamB) 

KB) J 

B 

r^e diamA — ^naMexp MHOJKecxBa A C X, a ub '■= -tW / udp{x). MexpH^ecKoe npo- 

_ ^ s _ 

cxpaHcxBo {X,d,p) HaaoBeM Q-pezyjisipHUM no Ajih<fiopcy npn neKoxopoM Q ^ 1, ecjin 

npH KajK^oM xq G X, neKoxopofi nocxoHHHoii C* ^ 1 h npoHSBOjiBHoro R < diamX, 

^ p{B{xo, R)) ^ CR^. SaMexHM, HXO JIOKajIBHO pHMaHOBBI MHOrOo6pa3H5I 5IBJI3IOXC3 

n-peryji5ipHBiMH no AjiB(|)opcy (cm. m jicMMa 5.1]). Cjie^yex xannce aaMcxnxB, nxo ec- 

jiH pHManoBo MHoroodpaane Q-peryjinpno no AjiB(|)opcy, xo Q = n (cm. paccync^ennH na 

c. 61 B |10) o coBna^enHH Q c xayc^opcJiOBon pasMcpnocxBio npocxpancxBa X, a xannce 

m jicMMa 5.1] o coBna^enHH xonojiornnecKon n xaycflop(|)OBBix pasMepnocxen oGjiacxen 

pHManoBoro Mnoroodpaann). CnpaBe^jinaa cjieflyioni;an 

TeopeMa 1. IlycxB p G [n — l,n] n 6 > 0, Mnoroodpaane M” cBnano, nBjinexcn n- 
peryjinpnniM no AjiBcJ^opcy, npoMC xoro, b M” BBinojineno (l;p)-nepaBencxBO IlyanKape. 
IlycxB Bb C M” — neKoxopwii cJ^HKcnpoBannwH map pa^nyca R, D — odjiacxB b M” h 
Q: D ^ [0, oo] — 4)ynKn;H3, nsMepnMan oxnocnxejmno Mcpw o6x.eMa v. OdoanannM nepea 
91^0: ,Q,Bii, 5 ,p{D) ceMCHcxBo oxKpBixBix ^HCKpcxnBix KojiBpeBBix (p, Q)-oxo6pa>KenHH f:D^ 
Bb b xonne Xq & D, Koxopnix cym;ecxByex KonxnnyyM Kj <Z Bb xanon, nxo f{x) ^ Kf 
npn Bcex x E D n, KpoMC xoro, diamX^ ^ <5. Torp;a ccMencxBO oxodpancennS yixo,Q,BR,s,p{D) 
nBjmexcn paanocxenenno nenpepBiBnwM b xonne Xq E D, ecjm Q G FMO{xo). 

BBHp;y xeopcMBi Appejia-AcKOJin hmccm xannce cjiep,yiom;ee 

Cjiep,CTBHe 1. npep;nojio>KHM, nxo b ycjioBnax xeopeMBi[T]MnoroodpaaHe nBjmexcn 
KOMnaKxnwM, xorp,a y^xo,Q,BR, 5 ,p{D) odpaayex nopMajinnoe ceMcncxBo oxodpajKcnnn. 

2 BcnoMoraxejibHbie jieMMbi 

Bciop;y p;ajiee rpannpa dD odjiacxn D C M” n aaMBixanne D odjiacxn D nonnMaioxcn b 
CMB icjie reop;eaHnecKoro paccxonnnn d . Hepep; xcm, nan mbi npncxynnM k nanoncennio Bcno- 
MoraxejiBnnix peayjiBxaxoB n ocnoBnon nacxn p;annoro paap;ejia, p^ajpau em;e op;no Bancnoe 
onpep;ejienHe (cm. da paap;eji 3, rji. II]). IlycxB D — odjiacxn pnManoBoro Mnoroodpaann M"", 
n ^ 2, /: H —)■ M” — oxodpancenne, (5 : [a, h) —)■ M” — nexoxopan KpnBan n x G / (/3(a)) . 
KpHBan a\ [a, c) ^ D^ a < c ^ naanmaexcn MaKCUMUABHUM noduAmueM KpnBon jd npn 
oxodpajKennn / c nanajioM b xonxe x, ecjin (1) a{a) = x; (2) f o a = /3|[a,c); (3) ecjin 
c < c' ^ b, TO ne cyipecxByex KpnBon a': [a, c') -E- D, xanon nxo a = cx'\\^a,c) h / = /3|[a,c')- 

Hmccx mccxo cjiep;yioiLi;ee 

IIpe^jiojKeHHe 1. Ilycxn D — odjiacxn b M”, f:D^ M]/ — oxnpnixoe p;HCKpexnoe 
oxodpancenne, fd: [a, b) —)■ M]/ — KpnBan n xonxa x G f~^ W{o-)) ■ Torp,a KpnBan fd hmccx 
MaKCHMajinnoe nop;n3XHe npn oxodpaJKennn / c nanajiOM b xonne x, cm. jTl npep,Jio>Ke- 
nne 2.1]. 
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IlycTb A — oTKpt-iToe no^MHoacecTBo MHoroo6pa3H5i M"", a C — KOMnaKXHoe no^MHOJKe- 
CTBo A. KondeHcamopoM 6 yfl^eM HasBiBaxB napy MHoacecxB E = {A, C). IlycxB p ^ 1 , xorp;a 
p-eMKocmhio KOHp;eHcaxopa E Gyppu nasBiBaxB cjiep;yioiri;yio BejiHHHHy: cappii^ = Mp{rE), 
rp;e Te — ceMeficxBO Bcex kphbbix BHp,a 7: [a, b) A, xaxnx hxo 7(a) G C h I7I fl (A \ F) 7^ 
0 7;jiH npoH 3 BOJiBHoro KOMnaKxa E <Z A. SaMexHM, hxo b cjiynae npocxpancxBa M” yKa- 
3aHHa5i BejiHHHHa cap^F coBna7,aex c KjiaccHHecKHM onpe7;ejieHHeM p-eMKocxH (cm. [I^ 
npe7;jio>KeHHe 10.2 h BaMenaHHe 10 . 8 , rji. II]). 

Cjie7;yK)iri;aH jieMMa mojkcx Gbixb nojie 3 HOH npn Hccjie7,OBaHHH cBoflcxBa paBHocxenennoH 
HenpepBiBHocxH oxxpBixBix 7,HCKpexHBix KOJiBpeBBix (p, ( 5 )-oxo 6 pa>KeHHH B HanGojiee oOipeH 
CHxyapHH. Ee 7,oKa3axejiBcxBo anajiorHHHo cjiynaio M”' (cm. [51 jicmmb 4 . 1 ]), o7;HaKo, 

nOJIHOXBI H CXporOCXH HBJIOJKCHHH MBI npHB07,HM 6X0 nOJIHOCXBK) CJiyHaS npOH 3 BOJIBHBIX 
pHMaHOBBIX MHOrOo 6 pa 3 HH. 

JieMMa 1 . IlycxB p ^ 1 , F — oOjiacxB b M"", f:D^ M” — oxKpBixoe 7,HCKpexHoe 
KOJiBpeBoe (p, Q)-oxo6pa>KeHHe b xonxe Xq G F, tq > 0 xaKOBo, hxo map F(xo,ro) jibjkhx 
CO CBOHM 3 aMBiKaHHeM B HCKoxopoH HopMajiBHOH oKpecxHocxH U xoHKH xq. npe7;nojio>KHM, 
Hxo HeKoxoporo nncjia 0 < £o < ’"o, HCKoxoporo Eq G ( 0 , £o) h ceMeflcxBa neoxpnpaxejiB- 
HBix H3MepHMBix HO JIcGexy (|)yHKn,HH {'^(.(t)}, ips'. (e,£o) —^ [ 0 ,C)o], e G ( 0 ,£o), BBinojiHeno 
yCJIOBHC 

J Q{x) ■ ^^{d{x,xo))dv{x) ^ E{£,eo) V£G(0,eo), ( 3 ) 

e<d{x,xo)<eo 

r7,e E{e,eo) — HeKoxopaa cJiyHKpHH h 

£0 

0 </(e:,eo):= j ip e{t)dt < oc VeG(0,eo). ( 4 ) 

£ 

Torp^a 

capp /(F) ^ F(e, eo)/P{e, So) V £ G ( 0 , s'q) , ( 5 ) 

r7;e F = (A, C) — KOH7;eHcaxop, A = B^xq^Eq) vl C = B{xq,e). 

floKasameAhcmeo. PaccMoxpHM KOH7;eHcaxop F = {A, F), r7;e A m C xaKOBBi, xax yxa- 
3aHo B ycjioBHH jieMMBi. Ecjih capp/(F) = 0 , 7;oKa3BiBaxB Henero. IlycxB capp/(F) ^ 0 . 

IlycxB TE — ceMCHCxBo Bcex kphbbix, cooxBexcxByroipee onpe7;ejieHHio p-eMKocxH. /(jih 
KOH 7;eHcaxopa /(F) paccMoxpHM xaKHce ceMellcxBo kphbbix E f(^E)- SaMexHM xaKHce, hxo kbjk- 
7;aH KpHBaa y & Tf(^E) hmccx MaKCHMajiBHoe no7;H5ixHe npn oxoOpajKCHHH /, jicHcaipee b A c 
HanajioM b C (cm. npe7;jio>KeHHe [T]) . IlycxB E* — ceMencxBo Bcex MaKCHMajiBHBix no7;HHXHH 
KpHBBix Ej(E) npn oxoGpaxceHHH / c HanajioM b C. SaMexHM, hxo E* C E^ (cm. ho^poGhocxh 
B 7 ;oKa 3 axejiBcxBe [H jicMMa 2.1]). 

SaMexHM, Hxo Tf^E) > /(r*), h, cjie7,OBaxejiBHo, BBH7;y cbohcxbb ([ 2 ]) 

M, (r«E,) < M, (/(r-)). (6) 

EaccMoxpHM = S{xo, e) = {x G M” : d{x,Xo) = e}, = S{xo, £o) = {x & M” : 

d{x,Xo) = £o}, r7;e Eq — h 3 ycjiOBHH jicmmbi h e: G ( 0 , ^q) . SaMexHM, hxo, nocKOJiBKy E* C 
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r E, TO npH Bcex flocTaxoHHo Majibix 5 > 0 6yfleM HMext., hxo V (S'^, ~ ^)) < 

r* H, CJie^OBaxejIBHO, /(F (S'e, S'ep_5, y4(xo, £, £o — ^))) < /(r*). S^eCB MBI nOJIOJKHJIH 

S^g_s ■= {x: e M” : d{x, Xq) < Sq - S} . 


SnaHHx, 


M, (f(r*)) ^ M, (/ (F A{xo, e, So - 6)))). 


(7) 


Ha cooxHomeHHH (ED H d?]) Cjie^yex, hxo Mp (F/(g)) ^ Mp (/ (F {S^, S^o-s, A{xo, e, Eq - 6)))) 
H, xaKHM o6pa30M, no onpe^enennio 


capp f{E) ^ Mp (/ (F {Se, Seo- 5 , A{xo,e, Eq - 6 )))). (8) 

HycxB ri{t) nponsBOjiBnan neoxpnpaxejiBnan nsMepHMan (JiyHKpHn, y^oBjiexBopnioman ycjio- 

BHK) f ri{t)dt = 1. PaccMoxpHM ceMeiicxBo nsMepnMBix (JiyHKpHH ris{t) = —• (Tax Kax 

£ / v(t)dt 

€ 

£■0 £^ 0 —^ ^ 

J ri{t)dt = 1, TO 6 > 0 MOJXHO BwGpaxB xax, nxo J r]{t)dt > 0). HocxojiBxy J T]^{t)dt = 1, 
£ £ £ 
xo no onpe^enennio xojinpeBoro (p, Q)-oxo6pa>xenHn b xonxe Xq mbi nojiynnM 


Mp(f(r(S,,S,,.s,A(xo,E,Eo-S)))) ^ 

^ y j Q{x) ■ pP{d{x,Xo)) dv{x). 

( I Vit)dt j e<d{x,xo)<eo 

Hepexo^n a^ecB x npe^eny npn 5 —)■ 0 n ynnxBiBan cooxnomenne (ED, nojiynaeM nxo 

capp/(E) ^ j Q{x) ■ pP{d{x,xo)) dv{x) (9) 

e<d{x,xo)<eo 

£0 

fljin npoH 3 BOjiBnoH neoxpnpaxejiBnoii naMepnMon (JiynxpHH p{t) xaxon nxo J p{t)dt = 1. 

£ 

PaccMoxpHM ceMencxBo naMepnMBix 4)ynxn,HH Pe{t) = ‘^e{t)/I{£,£o)j t ^ ^o)- SaMexHM, 

£0 

nxo flJiH e G (0 ,£q) BBinojineno paaencxBO f ri^{t) dt = 1. Tor^a na (ED mbi nojiynnM, nxo 

£ 

jXJiz jnoGoro £ G (0,£o) 

capp /(E) ^ j Q(x) ■^P(d(x,Xo))dv(x). (10) 

e<d(x,xo)<eo 

Ha cooxnomenHH ([2D h m cjie^yex cooxnomenne dSD- 

CpaBnnxejiBno ne^anno A^aMOBnneM n FUanMyrajinnraM nojiyneno cne^yroipee cjiyn^a- 
MenxajiBnoe yxBepjx^enne, xoxopniM naM neoOxo^HMo BocnojinaoBaxBcn (cm. [T3l npefljio- 
jxenne 4.7]). 

npe^jio:a<;eHHe 2. HycxB X — Q-peryjmpnoe no AjiBcJiopcy Mexpnnecxoe npocxpancxBO 
c MepoH, B xoxopoM BBinojinnexcH (l;p)-nepaBencxBo Hyanxape xax, nxo Q — l^n^Q. To- 
r^a flJiH nponaBOJiBnBix xonxnnyyMOB E tl F, co,ri;ep>xairi;Hxca b mape B{xq, R), h nexoxopon 
nocxonnnoH C* > 0 BBinojinnexcn nepaaencxBO Mp(F(E,E, X)) ^ ^ Ediam f} ^ 






Cjie^yiomaa jieMMa aBjiHexca kjiiohom k ^oKasaTejitcTBy ochobhbix peayjiBTaxoB paGoxBi. 

JleMMa 2.nycxB p & [n — l,n] n 6 > 0, MHorooGpaane M” cbssho, aBjiHexca n-pery- 
jiapHBiM no AjiBcjDopcy, KpoMe xoro, b M” BBinojineno (l;p)-HepaBeHCXBO IlyaHKape. IlycxB 
-Br C M” — neKoxopBiH (JiHKcnpoBaHHBin map pa^nyca R, D — o6jiacxB b M" h Q : B —)■ 

[0, cxd] — (JiyHKpHH, HSMepHMan oxnocnxejiBHo Mepti o6x.eMa v. OGoanannM nepea ^xo,Q,Bji,s,p (D) 
ceMencxBo oxKpwxBix ^ncKpexHBix KOJinpeBBix {p, Q)-oxo6pa>KeHHH f : D ^ Br b xonxe 
Xo E D, Koxopwx cymecxByex KonxnnyyM Kj C. Br xanon, nxo f{x) ^ Kf npn Bcex 
X E D R, KpoMe xoro, diam Kf ^ S. 

IlycxB £o < ■'"o, r^e map B(a:o;''"o) Jieacnx BMecxe co cbohm aaMBiKanneM b neKoxopon 
HOpMajIBHOH OKpeCXHOCXH U XOHKH Xo- 

IIpeflnojiojKHM xaKJKe, nxo ^jm nenoxoporo nncjia Eq E ( 0 ,eo) h ceMencxBa neoxpnpa- 
xejiBHBix HSMepHMBix HO JleGory (JiyHKpHH {'ip^{t)}, tjj^: (£,£o) [ 0 , cxo], £ E (Oj^q), bbi- 

nojineno ycjioBne (jS]), r^e neKoxopan aa^annaH (l^ynKpnn F{e,eo) y^oBjiexBopnex ycjioBmo 
F{e,eo) = o{K{e,eQ)), a I{e,eo) onpe^ejmexcn cooxHomenneM (jl]). 

Tor^a ceMeflcxBo oxoCpaxcennH ^xo,Q,Bji,s,p{D) nBjmexcn paBHocxenenno nenpepBiBHBiM 
B xonxe Xq E D. 

/IloKasameAbcmeo. IlycxB / G yixo,Q,BR,5,p{D)- HojiaraeM A := B{xo,ro) C D. SaMexmvr, 
nxo npn yKaaannBix ycjiOBnnx A nBjmexcn KOMnaKxnwM no^MHOJKecxBOM D. Tor^a npn 
KaJK^OM 0 < £ < To MHOJKecxBO C := B{xo,£) nBjmexcn KOMnaKxnwM no^MHOJKecxBOM 
B(xo,ro). TaKHM o 6 paaoM, E = {A,C) — Kon^encaxop b M"^. 

PaccMoxpHM ceMencxBo kphbbix Fj(e) AJin Kon^encaxopa f{E) b xepMnnax onpe^enenna 
p-eMKocxH. SaMexHM, nxo no^ceMencxBo necnpmvumeMBix kphbbix ceMencxBa FHMeex 
nyjieBOH p-Mo^yjiB. 

/lencxBHxejiBHo, f{A) HBjmexcH KOMnaKXHBiM mhojkooxbom M” kbk nenpepBiBHBin o6paa 
KOMnaKxa A n, anannx, mhojkocxbo f{A) mneex KonenHBm o6x.eM v^{f{A)) < oo. IlycxB F“^^ 
cocxoHx na Bcex necnpnMjmeMBix kphbbix ceMeiicxBa ^f{E), xor^a cJiyHKpHH p{x) = e npn- 
HafljiejKHx admr|^^^. BBH^y axoro, no onpe^ejicHHio p-Mo^yjiH, Mp(r^g^) ^ ■ f*(/(A)). 

YcxpeMjiHH a^ecB £ k nyjiio, nojiynaeM = 0, nxo h xpedoBajiocB ycxanoBHXB. 

SaMexHM xaKJKe, nxo ocxanmeecH no^ceMeHcxBo, cocxoaipee na Bcex cnpnMjmeMBix kph¬ 
bbix ceMeficxBa ^f{E), cocxohx na kphbbix /3: [a,b) —?• f{D), HMeroipHx npe^eji npn t ^ b. 
SaMexHM, nxo yxaaaHHBiH npe^eji npHHa^jiejKHx MHoxcecxBy df{A). Ha cKaaaHHoro cjie^yex, 
nxo 

= M,{T{f{C), df{A), f{A))). (11) 

HycxB Kf - xox KOHXHHyyM, KoxopBiii BBinycKaex oxodpanceHne /. SaMexHM, nxo 

r{Kf, f{C),M:) > r{f{C), df{A), f{A)) 

(cm. m xeopcMa 1, §46, n. I]), xaK nxo BBH^y ([2]) 


M,(r(/(C), df{A), f{A))) ^ M,{T{Kf, /(C), M:)) . 

BBH^y npe^JioHceHHH [2]nojiynHM: 

1 min{diam/(C), diamiFy} 


M,iTiKfJiC),M:))^ 


Cl 


( 12 ) 


pp+p—n 


(13) 
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Ho jieMMe [T] Mp(r /(£;)) —)■ 0 npn e: — )■ 0, tek hto BBH^y (ITT]) h flT^ nojiynaeM, hto 

minldiam/]^), diami^/} = diam/]^) 

npH £ 0. Ha cooTHomeHHii (|5]) h ffT^ xaKJKe BBiTeKaex, hxo ^jia jiiodoro a > 0 Hafi^excH 

Eq = eo(a) xaK, hxo npn £ G ( 0 ,£o) 


diam f(C) ^ a, 

Hxo H osHanaex paBHocxenennyio nenpepBiBHocxB ceMeflcxBa y^xQ,Q,BB., 5 ,p{D) b xonxe xq . 


3 ^OKasaTejibCTBO ochobhmx pesyjibxaTOB 


/foKasameAhcmeo meopejuw [T] BBixexaex h 3 jieMMBi[B BbiGepeM b sxoh jieMMe 0 < ip {t) = 

- - ^ , ■ Ha OCHOBaHHH da npefljiojKeHHe 3] ^jia yKaaaHHoii (JiyHKpHH dy^eM hmbxb, hxo 

[t logi) 


Q{x) dv{x) 


/ Q{x) ■ i/jP{d{x,xo)) dv{x) = / - 

£<d{x,xo)<eo £<d{x,xo)<£o d{x,xo) 


= O l^loglog^j 

npH £ ^ 0. SaMexHM xaKJKe, hxo npn yKaaaHHBix BBime £ BBinojiHeno ip{t) ^ Hog^’ nosxoMy 

£0 I 1 

/(e,eo) •= / P^it) dt ^ log . Tor^a cooxHomeHne (jS]) BBinojiHeno npn p = 1. TaKHM 
£ io 

odpaaoM, Bce ycjioBHa jieMMBi |2] BBinojinenBi h, ana^Hx, Heo6xop;HMoe aaKjiioHeHHe BBixexaex 
Ha 3XOH JieMMBI. □ 


d/ieMenmoM riAovnadu rjiap;KOH noBepxHocxH H na pHMaHOBOM MHoroodpaann M” dyp;eM 
HaaBiBaxB BBipaxceHHe BHp;a dA = i^det dv} ... du'^~^, rp;e — pHManoBa MexpHKa na 
H, nopo>Kp,eHHa5i hcxop;hoh pHMaHOBoii MexpHKoli Qij corjiacHo cooxHomeHHio 

= ( 14 ) 

3p;ecB HHp;eKCBi a n 13 mchhioxch ox 1 p,o n — 1, a x{u) odoananaox napaMexpHaapnio no- 
BepxHocxH H xaKyio, hxo 7 ^ 0. CnpaBep,jiHBo cjiep,yioin;ee yxBep>K 7 i,eHHe, ododipaiomee 
xeopeMy [H 

TeopeMa 2. HycxB pG [n — 1 ,? 7 ,]h( 5 > 0 , MHoroodpaane M” cBHano, HBjiaexcH n- 
peryjiHpHBiM no AjiB(|)opcy, xpoMe xoro, b M” BBinojiHeno (l;p)-HepaBeHcxBo HyanKape. 
HycxB Br C M" — neKoxopBiil (JinKCHpoBanHWH map pap;Hyca R, D — odjiacxB b h 
Q: D —>■ [1, cxo] — (JiyHKpHH, naMepnivian oxHocnxejiBHO Mepw odx.eMa v. OdoanannM nepea 
^xo,q,Bb., 5 ,p{D) ceMencxBO oxKpwxBix p;HCKpexHBix KOJiBpeBBix (p, (5)-oxodpanceHHH f:D^ 
Bji B xoHKe Xo E D, p;jiH Koxopwx cyipecxByex KonxnnyyM Kj d Bji xanon, nxo f{x) ^ Kf 
iipn Bcex X G -D H, npoMe xoro, diami^/ ^ 5. Torp,a ceMencxBO oxodpancennA ‘3PixQ,Q,Bii,&,p (D) 
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3Bji5ieTC3 paBHocxeneHHo nenpepBiBHBiM b xoHKe Xq E D, ecjin npn neKoxopoM 5(xo) > 0 
BBinojiHaexcH paBencxBO 


(5(xo) 


dr 


n,-l 

rp-^qSo I 


= oo 


(15) 


r^e q^^{r) := f Q(x) dA. 

S(xo,r) 

/doKasameAhcmeo. /JocxaxoHHo noKaaaxB, hxo ycjioBHe (fT5l) Bjienex BBinojiHenne cooxho- 
ineHHH ([2]) JieMMBi[2J Mojkho cnnxaxB, hxo B{xo,6{xo)) Jigjkhx b nopMajiBHofi oKpecxHocxH 
XOHKH Xq. PaCCMOXpHM (JiyHKpHIO 


'Ipit) 


, tE{ri,r2), 
0 , (ri,r2) . 


(16) 


SaMexHM xenepB, hxo xpe6oBaHHe BH^a (jl]) BBinojiHsexca npn Sq = 5(xo) h Bcex ^ocxaxoHHo 
MajiBix £. ^ajiee ycxanoBHM HepaBencxBo 


<5po) 


Q{x)'ip^{d{x,Xo)) dv{x) ^ C 


dt 


e<d(x,XQ)<5(xQ) 


n — 1 -- 

(t) 


(17) 


npH HeKoxopoH nocxoHHHOH C > 0. 9X0X0 noKajKOM, Hxo K jieBOH HacxH cooxHome- 

HH3 mm npHMeHHM anajior xeopeMBi OyGnHH. PaccMoxpHM b oKpecxHocxn xohkh xq G 
S{zo,r) C jioKajiBHyio cncxeMy Koop^nnax z^,... ,z^, n — 1 GaancHBix BexxopoB koxo- 
pofi BsaHMHo opxoroHajiBHBi H jieacax b hjiockocxh, KacaxejiBHoii k ccjiepe b xohko xq, a 
nocjie^HHH GasHCHbiH BOKxop nepnen^^HKyjiapeH oxofl njiocKocxn. IlycxB r, 0^,..., d'^~^ c(|)e- 
pHHecKHe Koop^HHaxBi xoHKH X = x{9) B M”. SaMexHM, Hxo n — 1 npnpameHHH nepeMenHBix 
, z^~^ BfloJiB c(|)epBi npH (jDHKCHpoBaHHOM r paBHBi dz^ = rdO ^,..., dz^~^ = rd9^~^, a 
npupamenne nepeMennoH z"^ no r paano dz"^ = dr. B xaxoM cjiynae, 

dv{x) = y^det gij{x)r'^~^ drd9^... d9^~^. 

PaccMoxpHM napaMexpnaapnio ccjicpw S'(0,r) x = x(9), 9 = (6*\ ..., 6*"'“^), 9i G (—vr, tt], 
SaMexHM, nxo = 1 npn a = (3 vl = 0 npn a A l^i cty 13 = 1,... ,n, — 1. Tor^a b 
odoananennax cooxHomenna dH HMeeM: g*^^{9) = go,f^{x{9))r^, 

dA = y^det ga/3{x{9))r'^~^d9^... d9'^~^. 

SaMexHM, nxo 

1 

n-l —^ 

rp-^qxo [r) 

= j Q{x)'ip^{d{x,Xo)) dA ='il’^{r)r^~^ ■ J y^del gai3{x{9))Q{x{9)) d9^... d9'^~^, (18) 

S(xo,r) n 

r^e n = (—vr, vr]"'"^ — npnMoyrojiBnan odjiacxB naMenennH napaMexpoB 9^,..., 9"’~^. HanoM- 
HHM, nxo B HopMajiBHOH cHcxcMe Koop^HHax reo^esHnecKHe ccJiepBi nepexo^nx b odninnwe 
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c(|)ept.i Toro >Ke pa^nyca c peHxpoM b nyjie, a nynoK reo^esHHecKHx, Hcxo^aipHx h3 tohkh 
MH oroo6pa3H5i, nepexo^HT b nynoK pa^najiBHBix oTpe3KOB b (cm. [H jicmmbi 5.9 h 6.11]), 
Tax HTo KOJiBpy {x G M"" : e < d{x,xo) < 5(a^o)} cooTBexcTByex xa nacxB M", b koxo- 
pofi r G (e, (5(a:o)). Corjiacno CKa3aHHOMy bbt ttt c, npHMeHHH KjiaccHHecKyio xeopcMy ®y6HHH 
(cm., Hanp., [161 pa3fl. 8.1, rji. Ill]), 

Q{x)'ip^{d{x,xo)) dv{x) = 

e<d{x,xo)<S{xo) 

<5(a:o) 

^det gij{x)Q{x)ijj^{r)r'^~^ d6^... d6"'~^dr. (19) 

£ n 

riocKOJiBKy B HopMajiBHBix Koop^^HHaxax xeH3opHaH Maxpnpa Qij CKOJIB yro^Ho 6jiH3Ka k 
e^HHHHHOH B OKpeCXHOCXH flaHHOH XOHKH, XO 

Cadet gaf}{x) ^ det gij{x) ^ Ci det gagix ). 

yHHXBiBaa cKa3aHHoe h cpaBHHBaa ffTSl) h (fT^ . npnxo^^HM k cooxHomenHio (fT71) . Ho xor^a 
xaKJKe 

J Q{x)ilj^{d{x,xo))dv{x) = o{P{e,6{xo))) 

e<d(x,xo)<S{xo) 

BBH^y cooxHomeHHa (Ha. YxBepjKfleHHe xeopeMBi cjie^yex xenepB h3 jibmmbi O 
BBH^y xeopeMBi Appejia-AcKOJin iiMeeM xaxjKe cjie^yiomee 

Cjie/],CTBHe 2. Hpe^nojiojKHM, hxo b ycjioBnax xeopeMBi [Tj MHoroo6pa3He M" aBjiHexcH 
KOMnaKXHBiM. Tor^a Kjiacc ^xo,Q,Bii,5,p{D) o6pa3yex HopMajiBHoe ceMeflcxBo oxodpaxcennH. 

Hpii p G [n — l,n) nojiyneHHBie BBime pe3yjiBxaxBi mojkho necKojiBKo ycHJinxB. 

TeopeMa 3. HycxB p ^ [n — l,n) r 6 > 0, MHoroo6pa3He cb33ho, aBjiaexcH n- 
peryjiapHBiM no AjiBcJiopcy, xpoMe xoro, b M” BBinojineno (l;p)-HepaBeHCXBO HyanKape. 
HycxB Bn C M" — neKoxopBin (JmKcnpoBaHHBin map pap;Hyca R, D — odjiacxB b h 
Q: A* —>■ [0, cxo] — (JiyHKpHn, HBMepnMan oxnocnxejiBHO MepBi o6x.eMa v. 06o3HaniiM nepe3 
^xq,q,Bb., 5 ,p{D) ceMencxBo oxxpBixBix p;HCKpexHBix KojiBpeBBix (p, (5)-oxo6pa>KeHHH f:D^ 
Bn B xonxe xo E D, p;ji3 KoxopBix cyipecxByex KonxnnyyM Kj C. Bn xanon, nxo f{x) ^ Kf 
iipn Bcex X E D a, xpoMe xoro, diam A'/ ^ 6. Torp,a ceMencxBo oxodpaxcennH yixo,Q,BR,s,p (D) 
nBjinexcn paBHOcxenenno nenpepBiBHBiM b xonxe Xq E D, ecjin Q G Lf^^(R”') npn nenoxopoM 
s ^ 

n—p 

/doKasameAhcmeo. SacImncnpyeM hpohbbojibhbim o6pa30M 0 < eo < OO) Tax, nxodxi map 

G := B{xo,eo) jiejxaji BMecxe co cbohm BaMBixanneM b nexoxopon nopMajiBHon oxpecxno- 

cxH xonxH Xo, H nojioJXHM i/’(t) := 1/t. SaMexHM, nxo yxaBannan (JiyHxpnn -0 yp,OBjiexBop5iex 

£0 

nepaBencxBaM 0 < /(e:,£o) •= / 'ip{t)dt < oo. HoxajxeM xaxjxe, nxo b oxom cjiynae bbihoji- 

£ 

HeHo cooTHomeHHe 

J Q{x) ■ ip'P{d{x,XQ)) dv{x) = o{F{e,eo)) . 




£l(a:o,£,£o) 


( 20 ) 
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IIpHMeHHH HepaBeHCTBo FejiB^epa, 6yfleM hmctb 

f Q{x) 


e<d(x,xo)<eo 


dP{x,Xo) 


dv{x) ^ 


/ 






dv{x) 


Q‘^'{x) dv{x) 


( 21 ) 


\G 


J dP'^{x,xo) 

\^<d{x,xo)<eo J 

r^e l/g+l/q'' = l. SaMexHM, hto nepBBm HHxerpaji b npaBofl nacxH HepaBencxBa (!?!]) c 
xoHHocxBK) flo HeKoxopoH nocxo5iHHOH MOJKex 6bixb noflCHHxan Henocpe^cxBeHHo. /I,eHcxBH- 
xejiBHo, nycxB ^jia nanajia g' = (h, cjie^oBaxejiBHo, q = -.) BBH^y anajiora xeopeMBi 

OyGnHH (cm. xo^ ^oKaaaxejiBcxBa xeopcMBi [2]) Gy^cM HMexB: 


dP^{x^ Xo) 


£0 

dv{x) ^ C ■ J ^ = C ■ log — . 


e<d(x,xo)<eo 

B o6o3HaHeHH5ix jicmmbi [U mbi Gy^cM hmcxb, hxo npn e: —)■ 0 

1 f 


dP(£,£o) 


dv{x) ^ C^IIQII _s_ 
dP{x,XQ) ^ ^ 


eo\-P+l 


—)■ 0 , 


6<d(x,xo)<eo 

Hxo Bjienex BBinojiHenne cooxHomeHHH 

riycxB xenepB q' > (t.c., q = B 3xom cjiynae 


£0 


£0 


dv(x) ^ C I 9^ ^dt ^ C I '^dt = 


n —^-1 


£<d(x,XQ)<eo 


dP‘i{x, Xo) 


C ri- 

pq' ^0 

n —^ 

q'-l 


q'-l 


Q{x 


C 


1^) J d^) ^ 

\ y -L 


q'-\ 


log- 


£o\-P 


£<d(x,Xo)<£o 


Hxo xaKxce Bjienex BBinojiHenne cooxHomeHHH ( 120 ]). SaMexHM, Hxo oGa cooxHomeHna 
BBinojiHaioxcH, xaK hxo jKOJiannoe saKjiioHeHHe BBixexaex h3 jicmmbi El 
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